DATE OF EXAM November 17, 2016 Solution
SUBJECT NAME Optimization Final Exam - Semester I
Instructor: P. S. Datti

1. (a) Let A € M,,(R) be invertible, u, v be column vectors in R,, and « be a real number. If A+ auv’
is invertible, show, by direct verification, that

(A4 ouv)) ™t = A7 4 A 't AT

t

for appropriate 3. Hence, determine all the values of o for which A + auv® is invertible.

Solution: We claim that A + auv® is invertible if 1 + v A~ u # 0 and A=! + BA"tuvt A~ is the
inverse of A + auv’, where 8 = — o =y

A—l tA—l
(A + aun?) (A_1 _as uv )

1+ avtA—1ly

au(l + avt A7 tu)vtA~L
1+ avtA-lu

=1.

=T+ auw'A™ —

Hence the claim.

(b) Let ej, 1 < j < n, denote the standard unit vectors in R". Put E;; = eiez- for1 < j <n.
By using (a) above or otherwise, find all real X\ and p such that the matriz I + AEq, + pEnl is
invertible. Find an expression for the inverse in that case.

Solution: First note that if any one of A or p is zero then the inverse of I + AFy,, is I + —AE1,
and the inverse of I + puFE1, is I + —pFq,. Now let both A and i be non-zero and let A = [ + \Fy,.
Then applying A, we see that I + AE1, + pF,1 has an inverse if 1 + pel (I — AE1,el) # 0, that is

Ap# 1.

2. Using the singular value decomposition or otherwise, prove the following:
(a) Suppose A, B are real m x n matrices such that A'!A = B'B. Show that there is an orthogonal
m X m matriz U such that A =UB.

Solution: Since A'A = B!B, it follows that the singular value decomposition for A and B are

respectively,
g Y A=VDUT and B=V'DU!

for some orthogonal n x n matrix U and orthogonal m x m matrices V, V’. Then V(V')!B = A
and V(V’)! is an m x m orthogonal matrix.



(b) Suppose A € M,(R). Show that the eigenvalues of A'A and AA® are the same and with the
same algebraic multiplicities.

Solution: Note that (A'A)" = AA'. Let B = A'A, then (B — M) = B' — A\ and, therefore,
det(B — XI) = det(B* — AI). So, A'A and AA" has the smae characteristic equation. Hence they
have the same eigenvalues with same algebraic multiplicities.

. (a) Let A = ((ai5)) € Mp(R) be a positive matriz, that is a;; > 0 for all i, j. Suppose there is a
A > 0 and a vector x > 0, x # 0 such that Az > Ax, Az # Ax. Show that there is a vector y > 0,
y # 0 such that Ay > \y.

Solution: Consider A — AI as a continuous function from R” to R™. Then for any w in R™,

(A=A (w) = (fi(w), ..., fu(w)),

where each f;, 1 <1i <mn, is a continuous function from R" to R. By the given hypothesis, z € R"
is such that f;(x) > 0 for f;; 1 < i < n. Let § > 0 be such that f;(x) > ¢ for 1 < i < n. Then
fi_l(é, 00) is an open set in R™ containing z for all 7, 1 < i < n. Then ), fi_l(é, 00) is a non-empty
open set containing x. Hence, there exists y > 0, y # 0 such that Ay > \y.

(b) Suppose A € M, (R) is a non-negative, irreducible matriz. Let p = pa be the the eigenvalue of
A such that p equals the spectral radius of A. If x is a non-zero real or complex n-vector such that
(A —pI)2x =0, show that (A — pI)x = 0.

Solution: Let = be such that (A — pI)2z = 0. So, (A — pl)z € ker(A — pI) = span{u},u > 0.
Therefore, (A — pI)x = cu. If ¢ = 0, then we are done. So, suppose ¢ # 0. Since A is real and

p > 0, we may choose z to be a real vector. Also by changing x to —x, we may assume that ¢ > 0.
Then Az = cu+ px, c.0,u > 0.

Now, for h € R, consider the vector x + hu.
A(x 4+ hu) = Ax + hAu = cu + px + hpu = cu + p(x + hu).

By choosing h appropriately, we can make sure that = + hu > 0, then A(z + hu) > p(x + hu), which
is a contradiction to the definition of p. Hence (A — pI)z = 0.

. (a) Show that 1 is the dominant eigenvalue of the doubly stochastic matriz
1/2 1/2 0 0

0 1/2 1/2 0

0 0 1/2 1/2
1/2 0 0 1/2

A=

and hence find the limit limy,_, ., A*.

Solution: Let C = {z € R* : # > 0} and B = {z € R* : ||z|]| = 1}. Then we know that
n

0a(z) < max; ), a;; for @ € BN C. Therefore, in this case d4(z) < 1, for ¢ € BN C. Therefore,
j=1

pa < 1. But 1 is an eigenvalue of A and (1,...,1) is an eigenvector corresponding to the eigenvalue

1. Therefore, p4 = 1 and 1 is the dominant eigenvalue. Same is true for A* as well. Hence,

11
lim A% = (1,...,1)%(1,...,1) =

k—o0

e )
—_ =

1 1
1 1
1 1



(b) Let T and S be non-negative matrices such that T is irreducible and T — S is non-negative.
Prove that spr(T) > spr(S) and the equality occurs only if T = S.

Solution: Let 8 € spec(S) be such that |3| = spr(S). Let y = (y1,..,yn)" € R™ be such that
Sy = By. Let v = (v1,...,v,)" = (ly1], -+ [yn|)?, then

n n n
|Blvs = 1Byl = | Sijys| <D Sijvy <D Tigvj, (1)
j=1 j=1 j=1

which implies that
spr(S) = |B] < dr(v) < spr(T),

<Twv,e;>

where 5T(1}) = minlgign{ oS

basis of R".

Now let spr(S) = spr(T), we will show that S = T. From (5) we have T'(v) — spr(S)v > 0 and
therefore, T'(v) — spr(T)v > 0 since spr(S) = spr(T). If T'(v) — spr(T)v > 0, then

< v, e >> O}, e; denoting the ith member of the standard

<Tv,e; >> spr(T) <v,e; > .
This implies that d7(v) > spr(T'), which is a contradiction. Hence T'(v) = spr(T")v. Since T is also
irreducible, it follows that v; > 0 for 1 <i < n.
Since fv = Twv and v; > 0, we get

ZTijvj = spr(T)v; = spr(S)v; = Z Sijvj,
Jj=1 j=1

which implies that ) (T;; — Si;)v; = 0. Hence S =T.
j=1

. (a) Solve the following using simplex method:

minimize dxr, — 8xy — 33
subject to 2z + 5zo —x3 <1
*31’1 — 8172 + 2.1?3 S 4
721’1 — 12%2 + 3$3 S 9
x; >0,1=1,2,3.

Solution: The initial simplex tabeulo is

T X9 r3 X4 I5 Tg <

2 5 -1 1 0 0 0 |1
-3 -8 2 0 1 0 0 |9
-2 12 3 0 0 1 0 |4
) 8 3 0 0 01 ]0




after doing the row operations: Rs + %Rl, Rs+ Ry, Ry + gRl and %Rl, we get,

T T Tr3 Ty4 Iy T <
5 —T1 T T
1 3 5 3 0 00 |3
—1 1 3 11
0 % 3 5 1 00|35

0 -7 2 1 0 10 |10

41T 1
0 5 3

ol

0 0 1 |3

From which we conclude that the optimal solution is given by z; = %, r9 = 0, z3 = 0 and the

optimum value is %

(b) Find the dual of the linear programming

maximize ctx, subject to Ax < b, x >0,

where A is an m X n real matriz and b, ¢ are given column vectors in R™ and R™ respectively. In
this set up, state and prove the weak duality lemma.

Solution: The dual problem is given by
minimize b'y, subject to Aty > ¢, y > 0.

The weak duality lemma states that if = is a feasible solution to the primal problem and y is a
feasible solution to the dual problem, then ¢tz < b'y. The proof goes as follows:

clx = z'c < 2'(A'y) ( since y is a feasible solution to the dual problem )
= (Ax)'y < b'y ( since z is a feasible solution to the primal problem ) .

. (a) Let A be an m x n real matriz, whose rank is m; b, ¢ are given column vectors in R™ and R™
respectively. Consider the following linear programming:

minimize ctx, subject to Ax = b, x > 0.
If A = (aj...ay), assume that the matrizx B = (ay...ay,) is non-singular and that there is a vector
x € R™, x > 0 satisfying Bx = b.
for e > 0 small consider the system Ax = b(e), where b(e) = b+ eay + ... + €™a,. Show that there
is a vector y € R™, y > 0 satisfying By = b(e).

Solution: Let x = (z1,...x)" and 2’ = (21, ..., T, 0,...,0)" + (¢,...,e™). Then Az’ = b(e) Since
ai, ..., an are linearly dependent there exist yi, ..., y, such that yya1 + ... + yna, = 0 and, therefore,

(x1+e—0dy1)ar + ... + (T, + €™ — OYm)am + (sm“ — 0Ym+1)Amt1 + oo + (€ — 0yn)an, = b(e),

for any . Now choosing § = mmz{% :y; > 0}, we can obtain another feasible solution which is
a linear combination of at most n — 1 of the vectors a;’s. Note that choosing & appropriately (that’s
why the appropriate range of € comes into play), we can make sure that the coefficients of at least
m of the vectors a;’s are positive. Continuing this way after finitely many steps we obtain a basic
feasible solution y’ > 0, which gives rise to the necessary vector y € R™, y > 0 such that By = b(e).

(b) Consider the linear programme (P) of the form



minimize q*z, subject to Mz > —q, z > 0

where M € My, (R) is skew symmetric matriz and ¢ € R*. Show that the problem (P) and its dual
are the same. Further, show that any feasible solution of (P) is also optimal.

Solution: The dual problem (D) of (P) is given by

maximize —q'z, subject to Mtz <gq, z >0
which is same as

minimize ¢z, subject to Mz > —q, z > 0,

since M is skew symmetric.

Now let z be a feasible solution of (P), and let y be another feasible solution of (P). Then y is also
a feasible solution of the dual problem (D). Then by weak duality theorem we know that ¢'z < ¢'y.
Hence z is an optimal solution of (P).

. (a) Suppose C is a convex set in R™ and k > 2. Let x1, ..., xx are in C and tq, ..., tx, are non-negative
real numbers such that t1 + ... +t = 1. Show that t1x1 + ... + txxy is also in C.

Solution: Suppose k = 3. Note that

t1 ta
t1x1 +toxo +t3xg = (61 + ¢ xr1 + xo | + t3xs.
121 + tawo + tzxs = (t 2)<t1+t21 it 2> 373
Now by convexity of C, x’:tltTthzlthltTQthgEC’and

t121 + toxo + tzxs = (t + tg)l'/ + tzxz € C.

The rest of the arguement can be completed easily using induction.

(b) Define an extreme point of a convex set in R™.

Solution: A point x in a convex set C is called an extreme point if whenever x = ty + (1 —t)z for
y,z€ Cand 0 <t <1, we have x =y = 2.

(c) Consider the set of constraints Ax =b, © > 0, where A is a real m X n. matriz of rank m and
beR™.

i. Define a basic feasible solution of the above set of constraints.

1i. State and prove the result concerning the extreme points of the set of all feasible solutions of the
above set of constraints.

Solution: i. Let A = (a1...a,), a; is the jth column of A. Assume ay, ...a,, are linearly independent
and B = (aj...ap,). then there is a unique xp € R™ such that Bxp = b. If in addition zp > 0,

TB B
0 0

then x = . € R”™ satisfies Az = b. This x = . is called a basic feasible solution.
0 0



7i. Statement: Let K be the set of feasible solutions of the above mentioned constraints. Then
the extreme points of the convex set K are precisely the basic feasible solutions.
Proof: Suppose z = (21, ...,Zm, 0, ...,0) is a basic feasible solution. Then

ria1 + ... + Tyma, = 0.

Suppose y and z are feasible solutions and 0 < ¢ < 1 such that = ty + (1 — t)z. Then it is clear
that y; = z; = 0 for j > m. Therefore,

Y101 + . + Ymam = b, 2101 + ... + Z;pam = b.
Then by linear independence of a, ..., a,,, it follows that y; = z; for 1 < ¢ < m. Hence y = z and

consequently, x =y = z. So, = is an extreme point of K.

Conversely suppose that x is not a basic feasible solution. It follows from the proof of the funda-
mental theorem of linear programming that for sufficiently small € > 0, there is a feasible solution
y # 0 such that x 4 ey and x — ey both are feasible solutions. Then

1 1
v =5z +ey) + 5z —ey).

Hence x is not an extreme point of K. This completes the proof.



